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Abstract

This paper considers estimation of the treatment effect where the researcher has

data from a large number of related experiments. Within each experiment it is assumed

that the treatment allocation is unconfounded. This situation can be thought of as an

idealized panel data set where each individual cross sectional unit is such an experiment.

The paper considers two cases. In the first, there are a large number of treated units.

The paper shows that standard analog estimate of higher moments of the treatment

effect is biased and not consistent as the number of experiments gets large. The

empirical Bayesian estimator of the treatment distribution is unbiased and consistent.

In the second, the number of treated units is small. The standard analog estimator is not

consistent. Conditioning on the observed data, the mean of the posterior distribution

is the expected value of the treatment effect. However, the posterior distribution is

not known. The paper shows that under certain assumptions, the empirical Bayesian

estimator is an unbiased and consistent estimate of the unknown posterior distribution.

∗I’m grateful for continued discussions about this problem with Emek Basker, Dan Greenfield,

Dan Hosken, Nick Kreisle, Yana Petrova, Joris Pinske, Jeremy Sandford, Chris Taylor and Nathan

Wilson. As well as participants at the International Association for Applied Econometrics 2018

conference in Montreal QC. Thanks also to Chuck Manski for the pointer to Robbins (1956). The

returns to school data comes from Bill Greene’s data archive. Note that this paper does not

necessarily represent the views of the Commission or any individual Commissioners. All remaining

errors are my own.
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The empirical Bayesian estimators are illustrated using simulations and two conical

data sets.
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1 Introduction

Standard econometric analysis provides information on the average treatment effect

or possibly the local average treatment effect (Imbens, 2010). However, such measures

may understate or overstate the value of a particular policy. The distribution of the

treatment effect may provide a more accurate representation of the likely effect of

the policy. Alternatively, there may be only one treated unit and so the value of

interest is the individual treatment effect on the treated. In either case, estimation

may be improved by the use of a large number of related experiments where the

variation in the treatment effect is unconfounded within each experiment. This paper

considers the case of a panel data set with a large number of cross-sectional units and

time-series variation in the treatment. The paper considers two cases. In the first,

there are a large number of treated units. The paper shows that the standard analog

estimate of the treatment effect distribution is both biased and not consistent as the

number of cross-sectional units gets large. The paper proposes an alternative analog

estimator called an empirical Bayesian estimator. The paper presents conditions for

which this estimator is unbiased and consistent. In the second case, there is only

one treated unit. In this case the standard analog estimator is not consistent as the

number of cross sectional units gets large. If an a priori distribution exists, then the

expected treatment effect conditional on the observed data is equal to the mean of

the posterior distribution. The paper shows that while the posterior distribution is

not known, under certain conditions there is an empirical Bayesian estimator that

is an unbiased and consistent estimate of the posterior distribution. The proposed

estimator is illustrated using simulated data, analysis of returns to schooling and the

impact of German reunification.

Robbins (1956) considers the case where there is a large number of related but

independent experiments. In addition Robbins (1956) assumes that there exists an

a priori distribution. Given this Bayesian assumption, Robbins (1956) points out

that the observed density of parameters from the set of experiments can be written

as a mixture distribution. The set of likelihood functions mapping from the true

parameters to the observed parameter estimates is mixed by an a priori density

over the true parameters. Robbins (1956) suggests that if there is a unique solution

to this mixture equation, then the a priori distribution can be estimated. Solving
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this convolution problem to estimate the prior is called “g-modelling” (Efron and

Narasimhan, 2016). This is an analog estimator of a Bayesian object. Unfortunately,

in general there is no unique solution to the mixture equation (Adams, 2016). However,

there is a unique solution if the likelihood function is known and it satisfies a rank

condition (Efron, 2014). Efron and Narasimhan (2016) point out that if the outcome

measure is finite, then the likelihood function is known and is a multinomial function.

This paper will consider the case where the support of the outcome and treatment

can be reasonably approximated with a finite set.

The standard analog estimate of the distribution of the treatment effect is straight-

forward to estimate given the data and the assumption that the treatment is uncon-

founded at the individual level. However, the estimates of the higher moments are

biased and inconsistent. This is due to sampling error at the level of each individual

experiment (Louis, 1991). Following Robbins (1956), this observed distribution of the

treatment effect can be written as a mixture distribution where the weighting density

is the true distribution of the treatment effect. Unfortunately, we don’t know the

function that maps from the true treatment effect to the estimated treatment effect

and thus we cannot estimate the a priori distribution over the treatment effect. Fortu-

nately, there is a related mixture equation which can be solved. From each individual

sample, we can estimate the joint distribution over outcomes and treatment levels

assuming finite support. From the set of individuals we can estimate the distribution

over these sample estimated distributions. This distribution can be written as a

mixture distribution, where the likelihood function is a multinomial function. Given a

rank condition on the likelihood function we can uniquely determine and estimate the

a priori distribution over the joint distributions of outcomes and treatments. Given

this prior over the joint distributions we can calculate an a priori distribution over

treatment effects.

The statistician, Thomas Louis, a student of Robbins, argues for the use of the

empirical Bayesian approach for estimating heterogenous treatment effects. Louis

(1991) considers a randomized controlled trial with multiple centers and argues that

the treatment effect varies across these centers. He points out that the observed

treatment effect at each center will not be equal to the true treatment effect by

center, due to sampling variation. Louis (1991) proposes an EM algorithm to

estimate a non-parametric maximum likelihood function. Louis (1991) also argues
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that researchers using these methods must account for the fact that the prior and

posterior are estimated, when making inference. Like here, Louis (1991) assumes

that the treatment is unconfounded by center. This paper uses results from Efron

(2014) and Efron and Narasimhan (2016) and an algorithm based on one developed

for the estimating finite mixture models (Benaglia et al., 2009). The paper presents

an analog method for determining confidence intervals more similar to a bootstrap

than the parametric approach of Louis (1991).

In economics, there has been some work using empirical Bayesian techniques to

estimate individual growth rates using panel data (Liu et al., 2016).1 In panel data

with so-called “short” panels, there is an incidental parameters problem. The fixed

effect parameters are allowed to be different for each individual cross-sectional unit.

However, each of these parameter estimated with only a small sample and are not

consistent. There are two standard approaches to the problem. The first is to ignore

it. This is more or less what occurs in standard fixed effects approaches. Often these

parameters are not of direct interest, and it can be shown that parameters of interest

can be consistently estimated even when the incidental parameters cannot (Cameron

and Trivedi, 2005). The second is to assume that the parameters of interest can

be drawn from a single distribution. This approach is often called random effects.

Under certain assumptions it can be shown that the parameters of this distribution

are consistently estimated (Cameron and Trivedi, 2005).

The empirical Bayesian approach fits somewhere between the two. Like the

fixed effects approach, the empirical Bayesian approach will estimate each individual

unit separately. Like the random effects approach, the empirical Bayesian approach

assumes that the parameters are drawn from a single distribution. The empirical

Bayesian approach is more general than the standard random effects model in that

allows the errors to also vary by individual cross sectional unit. The estimator is also

non-parametric although a finite support assumption is required for the estimator

used here (Efron and Narasimhan, 2016).

Koop and Tobias (2004) estimate a random effects model using a standard

Bayesian estimator. The authors propose that the panel data structure can be used

1Instead of the Tweedie formula used in Liu et al. (2016), this paper uses the finite mixture idea

suggested at the end of Robbins (1956) and developed in Efron (2014) and Efron and Narasimhan

(2016).
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to estimate heterogeneity in the treatment effect. As stated below, the distribution of

the treatment effect is potentially identified if the treatment level is unconfounded at

the individual unit level. That is, the timing of an individual’s increase in educational

attainment is “as if” random. Unfortunately, it is unclear from the presentation

exactly what their estimate is. Despite the lack of clarity, the estimated distribution

under the random effects assumption is much tighter than for the standard analog

estimator and much tighter the empirical Bayesian estimator presented here.

In addition to providing a method for estimating the distribution of the treatment

effect, the paper provides a method for estimating the individual treatment effect.

The standard analog estimator is not consistent but is unbiased, at least if you do not

condition on the observed data. Conditional on the observed data the expected value

of the individual treatment effect is the mean of the posterior distribution. Under

some parametric assumptions, the mean of the posterior is a weighted average of

the analog estimator and the true mean of the a priori distribution (Louis, 1991).

There is a sense in which this approach “shrinks” the estimator. Under certain

parametric assumption this estimator has lower expected loss (risk) than the analog

estimator (Louis, 1991). Unfortunately, the true posterior is unknown. This paper

shows that the empirical Bayesian estimator is an unbiased and consistent estimator

of the posterior distribution. In the empirical example there is only one treated

unit. For this case the empirical Bayesian approach requires an assumption that each

sample conditional on the individual cross sectional unit and the treatment level is

drawn from a distribution whose parameters are independently drawn from the same

a priori distribution. An immediate implication of the assumption is that the a priori

expected value of the treatment effect is zero.

As Louis (1991) points out, it is not correct to use the standard Bayesian approach

of using the posterior to determined the confidence intervals. The reason is that the

posterior is estimated and thus there is sampling uncertainty associated with it. This

paper uses the estimated prior and estimated posterior as analogs of the true prior

and true posterior (Manski, 1988). As discussed further below, the standard errors

are calculated as draws from these estimated functions.

This adjusted fixed effect method stands in contrast to the synthetic control

and related approaches to the problem of estimating an individual treatment effect

(Abadie et al., 2010; Doudchenko and Imbens, 2016). The fixed effect model assumes
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that time series variation can be accounted for with a simple average of the control

units. Abadie et al. (2010) and others suggest using the pre-period to construct

optimal weights. The empirical Bayesian estimator developed here could be used in

conjunction with these other methods (Adams, 2018). This approach is similar to the

interactive fixed effects approach used in macroeconomics panel data models (Bai,

2009).

The paper proceeds as follows. Section two presents the theoretical characteristics

of the standard estimator and the proposed empirical Bayesian estimator. Section

three presents the estimator and simulation results. Section 4 presents analysis of

the distribution of returns to schooling. Section 5 presents analysis of the impact of

German reunification on per capita growth rates. Section 6 concludes.

2 Theory

2.1 Model

Consider the following data generating process.

Yit = Fi(Xit) +G(Wit) + εit (1)

where Yit ∈ < is the observed outcome of interest for individual i ∈ {1, ..., N} in

time t ∈ {1, ..., T}, Xit ∈ <J is the level of the treatment of interest, Wit are other

observable characteristics of interest and εit is some unobserved component that

determines the observed outcome. The treatment effect is Fi : <J → < which may be

vector valued and may vary across individuals. The other observed characteristics

are assumed to affect all individuals the same and affect outcomes independently of

the treatment. Note that for ease of exposition this term will often be dropped in the

discussion below.

To simplify things, assume Fi(Xi) ≈ Xiβi, where Xi is a T × J matrix. Given

this approximation, the “treatment effect” is measured by the vector βi.

Assumption 1. For each i ∈ N , Xit ⊥ εit for all t ∈ {1, ..., T}.

Assumption 1 is the main assumption motivating the paper and the use of panel

data for analysis of treatment effects. The assumption states that at the level of
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the individual, the allocation of the treatment is unconfounded. The assumption

does not rule out the possibility that individuals that receive the treatment differ

systematically from those that don’t receive the treatment. In general, the set of

individuals for which the treatment effect is identified, is some subset of the total

number of individuals in the sample.

Definition 1. For each i′ ∈ N ′ ⊂ N , Xi′ is full rank.

Definition 1 is the formal statement that there exists a subset of the sample,

although not necessarily a random subset, for which the treatment effect is identified.

Note that just because the treatment effect is identified for a particular individual, it

may not be well estimated.

Assumption 2. εit is drawn iid conditional on Xit.

Assumption 2 states that there error term is drawn independently. This assumption

simplifies the theoretical analysis of both the standard analog estimators and the

proposed empirical Bayesian estimators.

2.2 Treatment Distribution

In the first case we are interested in estimating a particular moment of the treatment

effect distribution.

µn =

∫
β

βngβ(β) (2)

where gβ is the distribution of the treatment effect in the population. The finite sum

version is as follows.

mn =
1

N

N∑
i=1

βn (3)

The standard analog estimator is then given by the following finite sum.

m̂n =
1

N ′

N ′∑
i′=1

β̂ni′ (4)

Note that β̂i′ is only observed for the subset of individuals where the treatment effect

is identified (i′ ∈ N ′).
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To see the issue with standard analog estimator, note that

βi = (X′iXi)
−1X′iYi + (X′iXi)

−1X′iεi (5)

Note that this can be re-written as follows.

β̂i = βi − (X′iXi)
−1X′iεi (6)

That is, the observed treatment effect for individual i may differ substantially from the

true treatment effect for that individual. The extent of the divergence is dependent

on the number observations, in this case, the number of time periods. The following

theorem summarizes how this divergence affects the standard analog estimator of the

distribution of the treatment effect.

Theorem 1. Given Assumption 1, 2, E(εit) = 0, E(|εit|) < 0, T < ∞ and∑∞
i=1

E(ε2i )

i
<∞

1. if n = 1, E(m̂n −mn) = 0,

2. if n = 1, (m̂n −mn)
a.s.→ 0, and

3. if n > 1 and n is even, (m̂n −mn) > 0

Proof. Step 0. From above

m̂n =
1

N

N∑
i=1

(βi − (X′iXi)
−1X′iεi)

n (7)

Step 1. Let n = 1

E(m̂n) = E
(

1
N

∑N
i=1 βi

)
− E( 1

N

∑N
i=1(X

′
iXi)

−1X′iεi)

= mn − 1
N

∑N
i=1

∑T
t=1 ωitE(εit)

= mn by assumption that E(εit) = 0

(8)

where ωit is the weight associated with the tth column of (X′iXi)
−1X′i

Step 2. Let n = 1.

Step 2.0. Let υi =
∑T

t=1 ωitεit. E(υi) =
∑T

t=1 ωitE(εit) = 0 and E(|υi|) ≤∑T
t=1 |ωit|E(|εit|) = T ω̄E(|εit|) <∞ as E(|εit|) <∞ and T <∞ and ω̄ = maxit |ωit| <

∞.
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Step 2.1. m̂1 −m1 = − 1
N

∑N
i=1 υi. So by Theorem A.8 and (2.0), we have the

result (Cameron and Trivedi, 2005).

Step 3. Let n > 1 and n is even.

m̂n = 1
N

∑N
i=1(βi + (X′iXi)

−1X′iεi)
n

≥ 1
N

∑N
i=1

2n

2
(βni + (X′iXi)

−1X′iεi)
n) by Jensen’s inequality

> mn

(9)

The theorem states that while the standard analog estimator can be used to

provide an unbiased and consistent estimator of the mean of the distribution, the

estimate of the second moment is both biased and not consistent.

The empirical Bayesian approach considers Equation (2) and proposes to estimate

gβ directly. To be clear, such an approach requires that there exists such an a priori

distribution.

Assumption 3. βi
iid∼ gβ and {Yi, Xi}

iid∼ gP for all i ∈ {1, ..., N}.

Assumption 3 states that there exists an a priori distribution for both the un-

derlying joint distribution of the outcomes and treatment levels (gP ), as well as the

derived distribution of the treatment effect (gβ). Assumption 3 can be thought of

as a “Bayesian” assumption in that it is consistent with the Likelihood Principle

(Berger, 1985; Louis, 1991). Given Assumption 3, Robbins (1956) notes the following

relationship holds.

fβ(β̂) =

∫
β

hβ(β̂|β)gβ(β) (10)

where fβ(β̂) is the observed distribution of the estimated treatment effects and

hβ(β̂|β) is a likelihood function. Note that from (3) of Theorem 1, fβ(β̂) 6= gβ(β).

The notation β̂ means the sample estimate of the parameter β along with the number

of data points used in the estimation.

Efron (2014) notes that if hβ is known and a rank-condition holds, then there

exists a gβ that uniquely solves the mixture model. Unfortunately, it is not clear what

hβ is. Therefore, the paper considers a related problem. However, before stating that

problem consider the following assumption.
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Assumption 4. Let the following hold for the data generating process.

1. The set Y × X has K <∞ elements.

2. Let Pi = {pi1, pi2, ..., piK} ∈ P and pik be the associated probability of the kth

set occurring given Pi is the true distribution for individual i.

3. Let P̂i = {p̂i1, p̂i2, ..., p̂iK} ∈ P and p̂ik be the observed frequency of the kth set

occurring for individual i.

4. Let |P| = L <∞

Assumption 4 significantly simplifies the exposition. The finiteness of the support

of the joint distribution over the outcome and the treatment level is required for

identification. However, this could be thought of as a reasonable approximation of

the true support. The assumption follows the assumptions in Efron and Narasimhan

(2016), who states that are made for computational convenience.

Again, given Assumption 3, Robbins (1956) states that we can write out the

observed probabilities as a mixture model.

fP (P̂ ) =

∫
P

hP (P̂ |P )gP (P ) (11)

Note that for expositional simplicity it is assumed that Ti = T . Given this, the

notation P̂ provides information both about the frequencies in the data and the

number of observations (T ). Given Assumption 2, hP is known, it is a multinomial

function (Efron and Narasimhan, 2016). So if the rank condition on hP holds, gP is

uniquely determined by the observed fP . Note that the number of different frequencies

that can be observed is dependent on the size of the sample (?).

As stated above the joint distribution of the observed outcome and the treatment

level is directly related to the distribution of the treatment effect. The latter can be

constructed from the former by stacking the appropriate arguments for each x ∈ X
and drawing Y from the Px, which is the marginal distribution of Y conditional on x.

So gβ(β′) =
∫
P

1|β(P ) = β′|gP (P ).

The following summarizes the main theoretical result of the paper. The empirical

Bayesian estimator is an unbiased and consistent estimator of any moment of the

treatment distribution.
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Theorem 2. Given Assumption 1, 2, 3, 4 hold and the rank condition on hP holds,

and E(εit) = 0 and E(|εit|) <∞,

1. E(µ̂n − µn) = 0

2. (µ̂n − µn)
a.s.→ 0

Proof. Step 0.

β(P ) = (X′X)−1X′YP |X (12)

where X is a matrix with all possible treatment allocations and YP |X is a vector of

outcomes drawn from distribution P conditional on the treatment in the corresponding

row of X.

Given this relationship between the treatment effect β and the joint distribution

P , we can rewrite Equation (2).

µn =
∫
β
βngβ(β)dβ

=
∫
β
βn
∫
P∈P 1|β(P ) = β|gP (P )dPgβ(β)dβ

=
∫
P∈P

∫
β
βn1|β(P ) = β|gβ(β)dβgP (P )dP

=
∫
P∈P β(P )ngP (P )dP

(13)

Given Assumption 4

µn = β′gP (14)

where β is L× 1 vector and gP is an L× 1 vector.

The analog estimator is then

µ̂n = β′ĝP (15)

where ĝP = H−1P f̂P . This is the solution to the analog of Equation (11) and HP is

the L× L matrix representing the multinomial likelihood function.

Step 1. Let flP denote the lth row of fP referring to the probability of observing

P̂l ∈ P

|E(µ̂n)− µn| = |E(β′H−1P f̂P − β′H−1P fP )|
= |
∑L

l=1 ωl(E(f̂lP )− flP )|
≤
∑L

l=1 |ωl||E( 1
N

∑N
i=1 hP (P̂il|Pi))− flP |

=
∑L

l=1 |ωl||
1
N

∑N
i=1

∫
Pi∈P hP (P̂il|Pi)gP (Pi)dPi − flP |

=
∑L

l=1 |ωl||
1
N

∑N
i=1 flP − flP |

= 0

(16)
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Step 2. Let ε′ = maxl |ωl|ε and δ′ = Lδ

Step 2.1 As E(P ) <∞ and E(|P |) <∞, by Theorem A.8 (Cameron and Trivedi,

2005)

lim
N→∞

Pr(|f̂lP − flP | > ε) < δ (17)

for all l ∈ {1, ..., L}.
Step 2.2

Pr(|µ̂n − µn| > ε′) = Pr(|β′H(f̂P − fP )| > ε′)

≤
∑N

l=1 Pr(|ωl||f̂lP − flP | > ε′)

=
∑N

l=1 Pr(|f̂lP − flP | > maxl |ωl|ε
|ωl|

)

≤
∑N

l=1 Pr(|f̂lP − flP | > ε)

< Lδ

= δ′

(18)

Theorem 2 states that the empirical Bayesian estimator is both unbiased and a

consistent estimate of the distribution of the treatment effect.

2.3 Individual Treatment Effect

In addition to estimating the distribution of the treatment effect, we may be interested

in estimating the treatment effect for a particular individual i. This case is illustrated

below with analysis of the impact of German reunification on per-capita GDP growth.

There is only one treated unit, Germany. Therefore we are interested in the individual

treatment effect on the treated.

The standard analog estimator is the observed β̂i for individual i. The following

theorem formally states that this estimator is not consistent and whether it is unbiased

depends on whether the observed data is conditioned upon.

Theorem 3. Given Assumptions 1, 2 and 3, E(εit) = 0 and T <∞, then

1. E(β̂i) = βi

2. |β̂i − βi| > 0
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3. E(β̂i|{Yi1, Xi1}, ..., {YiT , XiT}) =
∫
β
βiγ(βi|β̂i)dβi

Proof. Step 1. From Equation (6)

E(β̂i) = βi −
∑T

t=1 ωtE(εit)

= βi
(19)

where ωt denotes the weights associated with the matrix operation in Equation (6).

Step 2. If T <∞ then

|β̂i − βi| = |(X′iXi)
−1X′iεi|

> 0
(20)

Step 3. By the Law of Total Expectations

E(β̂i|{Yi1, Xi1}, ..., {YiT , XiT}) = E(βi|{Yi1, Xi1}, ..., {YiT , XiT}) (21)

The rest follows from Bayes’ rule and the maintained assumptions. Note that in the

function γβ the notation β̂i represents the observed sample estimate and other sample

properties such as the sample size.

As stated above, this estimator is unbiased but not consistent. Actually, whether

it is unbiased depends on whether the expectation is conditional on the observed

data. If the expectation is unconditional and it is assumed that E(εit) = 0, the

standard analog estimator is unbiased. However, if the expectation is conditional on

the observed data for that individual and we make the Bayesian assumption above

(Assumption 3), then (unobtainable) true posterior is unbiased. Note that in general

the mean of the posterior is not equal to the analog estimator. Under some parametric

assumptions it is a weighted sum of the analog estimator and the mean of the prior

distribution (Louis, 1991). The remainder of the section shows that the estimated

posterior is an unbiased and consistent estimate of this true posterior.

The nth moment of the true posterior is given by the following expectation.

µni =

∫
βi

βni γβ(βi|β̂i) (22)
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where γβ denotes the posterior distribution of the treatment effect for individual i

conditional on observing the data which is denoted β̂i.

γβ(β|β̂) =
hβ(β̂|β)gβ(β)

fβ(β̂)
(23)

As above the empirical Bayesian estimator is an analog estimator.

µ̂ni =

∫
βi

βni γ̂β(βi|β̂i) (24)

Corollary 1. Given the assumptions of Theorem 2 hold and Cov
(
ĝβ(βi),

1

f̂β(β̂i)

)
= 0,

then

1. |E(µ̂ni − µni)| = 0

2. |µ̂ni − µni|
a.s.→ 0

Proof. Step 1. Note that in this analysis β̂i is fixed and represents the data available

regarding individual i. The expected difference between the two is then.

|E(µ̂ni − µni)| = |E(µ̂ni − µni)|
=
∣∣∣∫βi βni (γβ(βi|β̂i)− E(γ̂β(βi|β̂i))

)∣∣∣
≤
∫
βi
|βni ||hβ(β̂i|βi)|

∣∣∣ g(βi)
fβ(β̂i)

− E
(
ĝβ(βi)

f̂β(β̂i)

)∣∣∣
= 0 if Cov

(
ĝβ(βi),

1

f̂β(β̂i)

)
= 0 and Theorem 2

(25)

Step 2. Similar to Step (1) noting that
∣∣∣ ĝβ(βi)
f̂β(β̂i)

− gβ(βi)

fβ(β̂i)

∣∣∣ a.s.→ 0 by Theorem 4.9

(Greene, 2000)

The empirical Bayesian estimator is an unbiased estimator of the posterior distri-

bution. Note however, that µ1i 6= βi. The expected value of the posterior distribution

of the parameter is not necessarily equal to the true parameter value.

Assumption 5. βi
iid∼ gβ and {Yix}

iid∼ gP for all i ∈ {1, ..., N} and x ∈ <J .
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In the illustrative example below there is only one treated unit. In this case we

need to make Assumption 5 instead of Assumption 3. The assumption states that

for each individual and each treatment level, the distribution of outcomes is drawn

from the same a priori distribution. An implication of the assumption is that the a

priori expected treatment effect is zero. That is, given this assumption the empirical

Bayesian estimator will tend to “shrink” the treatment effect toward zero.2

2.4 Sample Variation

As stated above these are analog estimators not Bayesian estimators (Louis, 1991;

Carlin and Louis, 2000). As is standard practice, we want to indicate to the reader

or policy maker the extent to which the estimate varies due to sampling variation

(Louis, 1991).

For example, we may want to estimate the second moment of the estimate.

The standard classical approach states that if we knew the true distribution of the

treatment effect we could take repeated draws of sets of the appropriate sample size

and construct a distribution of sample estimates.

E(µ̂2
n) = E

((∫
β
βnĝβ(β)

)2)
≈ 1

M

∑M
m=1

(∫
β
βnĝβm(β)

)2
for large M

= 1
M

∑M
m=1

(
1
N

∑N
i=1 β

n
im

)2
where βim

iid∼ gβ

(26)

Unfortunately we don’t know gβ. However, we can follow the standard practice in

classical econometrics and substitute gβ with ĝβ (Goldberger, 1991).

Similarly, for the individual treatment case βim
iid∼ γβ(|β̂i), where its analog, γ̂β(|β̂i),

is used.

2See discussion above that given certain parametric assumptions the empirical Bayesian estimator

is a weighted sum of the analog estimator and the mean of the prior (Louis, 1991).
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3 Estimation

3.1 Estimator

The paper uses an estimator based on the mixture model estimator of Benaglia et al.

(2009). The algorithm assumes a finite number of “types.” Here, a type is a true

distribution generating the observed sample data. The algorithm solves for the a

priori distribution iteratively. It guesses a prior and then based on the initial guess

and the data, it determines the posterior distribution for each experiment. It then

aggregates of the estimated posterior distributions to determine the next proposed

prior. It repeats until it converges. Note that I’m unaware of any result stating

that the algorithm will infact converge. That said, given the uniqueness condition

stated above, if the algorithm converges it converges to the true estimated a priori

distribution.

The estimating algorithm is as follows.

1. For each experiment i ∈ {1, ..., N}, determine the sample distribution P̂iK =

{p̂i1, ..., p̂iK} and the number of observations Ti. Note that for an unbalanced

panel, the number of observations will vary.

2. Determine the set of true distributions generating the data, P ∈ P . Note that

this set is finite. The algorithm used chooses P around the observed set of

sample frequencies in the data.

3. Calculate hP (P̂i|Pi) for each P̂i ∈ P and Pi for all i ∈ {1, ..., N}. This is a

K-nomial function given the assumption of finite support on the set of outcomes

and treatment levels.

4. Choose an initial distribution over P , g0P (P ).

5. Given this prior, determine the posterior.

γ1P (P |P̂i) =
hP (P̂i|P )g0P (P )∑
Q∈P hP (P̂i|Q)g0P (Q)

(27)

6. Aggregate previous posterior to get the new prior.

g(s+1)P (P ) =
1

N

N∑
i=1

γsP (P |P̂i) (28)
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where s denotes the iteration.

7. Repeat steps (6) and (7) until |g(s+1)P (P )− gsP (P )| < ε for all P .

The are two approximations made for computational reasons. Both could lead to

biased estimates. In regards to the choice of K, the finite support of the observed

outcomes and treatment levels, it is relatively straightforward to compare the esti-

mates of the distribution fβ(β) given the approximation to the observed distribution.

The choice of the finite of L, the finite support of P, it is more difficult to test.

The algorithm chooses L as random deviations from the observed set of sample

distributions. The researcher is encouraged to try different values for L and different

amounts of deviation from the observed set.

3.2 Simulation

The simulations provide a sense of the finite sample properties of the empirical

Bayesian estimator of the treatment distribution. The simulations consider a case

with two levels of treatment that are randomly allocated to individuals and across

time. The simulations use the algorithm presented above to estimate the a prior

distribution over the parameters describing the joint distribution over outcomes and

the treatment level. Note that the true data generating process has a continuous

outcome.

The support of the joint distribution is Y × X = <× [0, 1]. The treatment effect,

βi ∼ N (µ,Σ), where µ = [−1, 2] and σ2
0 = σ2

1 = 0.1 and ρ = 0. Also T = 5 and

εit ∼ N (0, 1).

In the algorithm used the support of Y × X assumes K = 20. The cell borders

are determined by the deciles of the observed outcomes Yit ∈ Y and the values are set

to the mean of the cells. The support of P assumes L = 20, 000. The set is chosen

at random based on deviations around the observed sample distributions. Table 1

presents simulation results for the estimator.

4 Returns to Schooling

Koop and Tobias (2004) is interested in estimating the distribution of the returns to

schooling. In the returns to school literature, the focus is on estimating the “beta,”
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True N = 500 N = 1000 N = 2000 N = 5000

Fixed Effects 2 2.000 1.998 2.003 2.000

Standard mean 2 1.996 2.000 2.004 1.999

EB mean 2 1.988 1.996 2.003 2.012

Standard std. dev. 0.31 1.037 1.031 1.038 1.030

EB std. dev. 0.31 1.023 1.016 1.016 0.991

Table 1: Estimates of the first two moments. If applicable, standard errors are in

parenthesis below the estimate. Note that the EB standard errors are calculated

as described above. Results from Model 1 (Koop and Tobias, 2004). Two EB

estimates are presented, the first using all the observations and the second using only

observations in which βi is identified. Note that for Model 1 and OLS, the treatment

effect is assumed to be constant across all individuals .

the linear average of the increase in log wages associated with one year increase in

years of schooling. Estimates tend to vary from 0.07 to 0.14 (Card, 2001). Of note

is that the local average treatment effect estimates tend to be higher which may

be due to variation in the treatment effect (Koop and Tobias, 2004). It may be

that “compliers” have higher returns to schooling than other unobserved groups. Of

particular interest is whether the returns are positive for everyone.

Consider the following data generating process.

Yit = αi + βiXit + γWit + εit (29)

αi, βi
iid∼ gβ(αi, βi) (30)

where Yit is log hourly wages for individual i in year t, Xit is years of schooling for

individual i as of time t, Wit are other time varying and time invariant variables such

as a year indicator and experience measures. It is assumed that the intercept and

slope variables, αi and βi respectively, can vary across individuals and are distributed

iid from gβ. This model is less general than the Koop and Tobias (2004) version

in that other variables only enter additively into the log wage equation. Koop and

Tobias (2004) allow endogeniety in that there are unobserved characteristics (υit)

that determine the years of schooling and are correlated with unobserved character-

istics determining wages (εit). The authors argue that under standard parametric
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assumptions, the “shape” of the distribution of returns is correct even if the mean is

biased. Here, it is assumed that variation in Xit across time is exogenous conditional

on individual i.

Figure 1: Estimated density of the treatment effect. The figure presents the standard

analog estimator, the empirical Bayesian estimator on all individuals and the empirical

Bayesian estimator on the identified individuals.

As described above, the paper cannot estimate the distribution of the treatment

effect (gβ) directly. Rather the paper estimates the joint distribution of the outcome

variable and the treatment level. To determine the outcome variable a first stage

regression is run with log wages in the current time period on yearly time dummies,

the current measure of potential experience (age - education level - 6) and potential

experience squared. The residuals from this regression are used as the outcome

measure. The joint distribution is binned into K = 100 subsets. The outcome
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measure is binned into 10 subsets using quantiles of the measure, with the value

taken as the mean of the subset. The treatment levels are binned as 9, 10, 11, 12, 13,

14, 15, 16, 17, more than 17. The values are taken as the mean of the subsets. As

the treatment effect is not identified for every individual, the analysis is conducted

separately on all individuals and only the individuals for which the treatment effect

is identified. In the computation of estimator it is assumed that there are L = 50, 000

distributions for the case when all the data is used and L = 200, 000 when the

identified subset is used. Each distribution is drawn at random around the set of

observed sample estimated joint distributions.

Figure 2: Estimated density of beta from the empirical Bayesian estimator on the

identified individuals. The standard error is calculated using the method described

above.

Koop and Tobias (2004) present a horse-race between various models of treatment
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effect heterogeneity using data from NLSY. This paper uses the exact same data,

however it does not use the local labor market information available to the authors.

Table 2 presents results presented in Koop and Tobias (2004) from Model 1.3 The

first two moments of the distribution of βi are presented. Note that in Model 1, the

variance in the treatment effect is zero by assumption. The table also presents results

based on the models presented above. For comparison purposes, the OLS estimate of

β is presented. It is the same as for Model 1. This despite slight differences in the

specification including the omission of local labor market information and the use of

time-dummies. The standard analog estimate are calculated with two steps. The first

regresses log wages on experience, experience squared and time-dummies. The second

step runs separate OLS regressions of the residual from the first step and years of

education, for each individual in the data (N = 2178). Note that these regression are

only run if there is variance in education levels across time for the same individual.

Lastly, the table presents results from the empirical Bayesian analog estimates. In

the first case it presents results using all of the individuals. In the second case, the

results are based on individuals for which the education level varies.

Table 2 shows that the basic estimates of the average treatment effect are the

same despite slight differences in the specifications. Figure 1 presents the estimated

densities of returns to schooling. The results are consistent with the theoretical and

simulation results that suggest the analog estimate of the second moment is biased

upwards. The empirical Bayesian estimates show that variance in the treatment is

about half of the standard analog estimate. While the empirical Bayesian estimates of

the variance of returns to schooling is much smaller than the analog estimate, it is still

large. The estimate suggests that for a significant proportion of the population, the

returns to schooling are negative. Figure 2 presents the estimate of the distribution

with information on the variation due to sampling error on the estimation of the

prior.

3The authors state that more general models provide estimates similar to Model 2. However, the

paper’s presentation of the estimated variance is unclear. On page 838 it states that the standard

deviation of β is 0.006, while on the next page and the remainder of the paper it conducts the

analysis as if the variance of β is 0.006.
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Eβ Eβ2

K-T Model 1 0.105 0.011

OLS 0.105 0.011

(0.003) -

Standard Analog 0.075 0.110

EB (All data) 0.077 0.104

(0.012) (0.007)

EB (ID data) 0.081 0.099

(0.006) (0.005)

Table 2: Estimates of the first two moments. If applicable, standard errors are in

parenthesis below the estimate. Note that the EB standard errors are calculated

as described above. Results from Model 1 (Koop and Tobias, 2004). Two EB

estimates are presented, the first using all the observations and the second using only

observations in which βi is identified. Note that for Model 1 and OLS, the treatment

effect is assumed to be constant across all individuals .

5 Reunification of Germany

On November 9, 1989, a spokesman mistakenly announced that citizens of the German

Democratic Republic would be allowed unrestricted travel to West Germany. This led

to a series of events that ended with the reunification of Germany. We are interested

in whether this major change in the political institutions and population had an

impact on economic growth.

Consider the following data generating process.

Yit = αi + βiXit + γWit + εit

Xit =

{
1 if Germany and post 1990

0 otherwise

(31)

where Yit is the measure of the growth rate used. It is the difference in the log of

annual GDP per capita in constant 2010 US dollars, from the World Bank’s Data Bank

between years for country i in the time period t. The treated country is Germany.

Here, Xit is equal to 1 for Germany post 1990 and 0 otherwise. Note that βi is only

21



potentially identified for Germany. The variable Wit is a set of dummy variables for

time periods.

There are 217 countries in this data set, although not all countries have data

for all periods. The final data set includes growth rate estimates for 197 countries.

Abadie et al. (2010) are careful to estimate the impact on West Germany, rather than

Germany. Here we use the definition of Germany used by the World Bank. In order

to account for serial correlation in the data, the data is aggregated up into 5 year

periods from 1961 to 2016.4

The empirical Bayesian estimator relies on the estimation of the prior distribution

of the treatment effect. Unlike the previous example, there is only one treated unit.

Therefore, to proceed it is necessary to assume that the distribution of outcomes for

each country and each treatment level is drawn from the same a priori distribution

(Assumption 5). In practice, there are 198 countries in data with Germany split into

a pre-Reunification and a post-Reunification country.

Given this data, the paper runs a first stage regression of observed growth rates

on time-dummies and then uses the residuals to estimate the prior distribution.

Prior to estimation, the observed residuals are binned into K = 20 subsets.5 In the

estimation, the set of distributions is assumed to be L = 10, 000, which are drawn

randomly. The algorithm described above outputs the posterior distribution for both

pre-Reunification Germany and post-Reunification Germany. The posterior of the

treatment effect is calculated as the difference in these two distributions.6

The estimated treatment effect from the difference in difference model is β̂i =

−0.014 with a standard error of 0.030. Using the Abadie et al. (2010) data, β̂i =

−0.010 with a standard error of 0.012. Although neither estimate is statistically

different from zero at standard levels, there is still concern that the point estimate is

not close to the true magnitude.

Figure 3 presents the posterior density estimator of the treatment effect. The

solid-black line is the posterior density using the World Bank definition of Germany

pre and post 1990. The grey lines represent the standard error of the estimate and are

4Data that is aggregated up to shorter time periods shows signs of serial correlation.
5The subsets are equidistant from the smallest to the largest value of the residual. The value of

each bin is determined by the mid-point.
6This calculation assumes that the two distribution are independent, which is based on Assumption

5.
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Figure 3: Posterior density of the treatment effect. The solid black line represents

the the posterior of the treatment effect and the grey lines represent the standard

error and are draws from the estimated posterior distribution .

calculate as sample draws from the estimated posterior distribution. The standard

error are calculated following the method presented above. The results show that

the weight of the distribution is below zero suggesting that German reunification

reduced per-capita GDP growth. That said, a large portion of the posterior is above

zero suggesting that this data and method does not provide convincing evidence that

reunification in fact reduced German per-capita GDP growth.

5.1 Serial Correlation

Bertrand et al. (2004) raises the concern that there is often a substantial amount

of serial correlation in the data. This is of particular concern here because the

proposed estimator relies heavily on the assumption that the observations are drawn

independently conditional on the country’s type.

Figure 4 shows the correlation across adjacent time periods within the same country.
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Figure 4: Plot of country level residuals across time periods.

The figure and regression results (not shown) suggest that the serial correlation is

not present in the data.

6 Conclusion

This paper presents an alternative approach to estimating heterogenous treatment

effects with panel data. The paper considers a problem where the researcher has access

to a large number of experiments and the treatment level is allocated “exogenously”

within each experiment. The paper considers two case. In the first the researcher

has access to large number of treated units. This data set allows the researcher to

estimate the distribution of the treatment effect. This is what Efron and Narasimhan

(2016) calls the “f-modeling”. In general this is not equal to distribution of interest.

Using results from Robbins (1956), Efron (2014) and Efron and Narasimhan (2016)

this paper follows the “g-modeling” approach, which provides a classical estimate of

the true distribution of the treatment effect. In the second case, the researcher has
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data with only one treated unit.

The paper shows that the standard analog estimator of the treatment effect distri-

bution is biased and not consistent. It also shows that the standard analog estimate

of the individual treatment effect is not consistent and biased when conditioning on

the observed data. The paper shows that the empirical Bayesian estimator of the

treatment effect distribution and the individual treatment effect is both unbiased

and consistent. The theoretical results are illustrated with simulations and analysis

of returns to schooling and the impact of the reunification of Germany on economic

growth.
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